Abstract. Nikulin [17] , [18] and Vinberg [26] proved that there are only a finite number of lattices of rank ≥ 3 that are the Néron-Severi group of projective K3 surfaces with a finite automorphism group. The aim of this paper is to provide a more geometric description of such K3 surfaces X, when the fundamental domain FX of their Weyl group in P(NS(X) ⊗ R) is compact. In that case we show that such K3 surface is either a quartic with special hyperplane sections or a double cover of the plane branched over a smooth sextic curve which has special tangencies properties with some lines, conics or cuspidal cubic curves. We then study the converse i.e. if the geometric description we obtained characterizes these surfaces. In 4 cases the description is sufficient, in the 4 other cases there is exactly another one possibility which we study.
Introduction
The present paper studies the K3 surfaces with finite automorphism group and Picard number > 2 and such that the fundamental domain of the associated Wely group is compact.
The classification of projective complex K3 surfaces X that have a finite automorphism group has been established by Pyatetskii-Sapiro and Shafarevich [21] for Picard ranks ρ = rk(NS(X)) 1 and 2, by Vinberg [26] for rank 4 and Nikulin [17] , [18] for the other ranks. This classification is done according to their Néron-Severi lattice NS(X), which, according to the Torelli Theorem (see [21] ) for K3 surfaces, strongly characterizes the surfaces. However in general for rank ρ > 1 and especialy if there is no elliptic fibrations, we do not have a geometric description of these surfaces, where by geometric construction, we mean surfaces lying in a projective space or understood as cover of a known surface.
When the Picard number is 1, then the automorphism group is trivial or Z/2Z (see [21] ). Such surfaces X are classified according to their genus g i.e. the integer g such that 2g − 2 = L 2 , where L is the positive generator L of NS(X). Generic surfaces of genus 2 are double cover of the plane and generic surfaces of genus 3, 4, 5 are complete intersection in projective spaces. In [15, 16] , Mukai gives a geometric description of the generic K3 for genus 6, 7, 8, 9, 10, 18, 20 . In [13] van Luijk gives the first explicit examples of surfaces with Picard number 1, which are quartics defined over Q. Then in [7] , Elsenhans and Jahnel give explicit examples of double planes with Picard number 1.
Let O(NS(X)) be the group of isometries of NS(X). If δ is a (−2)-curve on the surface X, the reflection s δ : x → x + (xδ)δ through the hyperplane δ ⊥ = {D ∈ NS(X) | Dδ = 0} is an isometry of NS(X). The group generated by the reflections s δ is called the Weyl group of X and is denoted by W X . It is a normal sub-group of O(NS(X)) and the natural map sending f ∈ Aut(X) to f * ∈ O(NS(X)) induces a morphism to O(NS(X))/W X which has finite kernel and co-kernel (see e.g. [10, Theorem 2.6] ). Thus Aut(X) is finite if and only if O(NS(X))/W X is finite. The Weyl groups acts on P(NS(X) ⊗ R) and it preserves the hyperbolic (Lobachevsky) space
which is the image in P(NS(X) ⊗ R) of the positive cone. The intersection of L X and the image of the nef cone in P(NS(X) ⊗ R) is a fundamental domain for the action of W X on L X ([10, Corollary 8.2.11]), which fundamental domain we denote by F X . In this paper, we give a description of the K3 surfaces with finite automorphism group such that the fundamental domain F X is compact and their Picard number is > 2. Such a K3 surface X has a finite non-zero number of (−2)-curves and no elliptic fibrations. From the results of Nikulin [18] and Vinberg [26] , their Picard number ρ is ≤ 4 and they are 8 cases classified according to their Néron-Severi lattices, which are denoted S 1 , . . . , S 6 , L(24), L (27) . In [11] , Kondo studies the automorphism group of generic K3 surfaces with a finite number of (−2)-curves; for Picard rank ≤ 8 this group is either trivial or Z/2Z. We obtain: Theorem 1. Let X be a K3 surface such that the fundamental domain F X is compact. The automorphism group of X is trivial if and only if it is a smooth quartic surface in P 3 . In that case the possibilities are i) Type S 2 (ρ = 3). There are three quadrics in P 3 such that each intersection with X ֒→ P 3 is the union of two smooth degree 4 rational curves. These 6 rational curves are the only (−2)-curves on X. ii) Type S 3 (ρ = 3). There exists two hyperplanes sections such that each hyperplane section is a union of two smooth conics. These 4 conics are the only (−2)-curves on X. The group Aut(X) is Z/2Z if and only if X is a double cover of the plane branched over a smooth sextic curve C 6 . In that case the possibilities are: 1) Type S 1 (ρ = 3). The 6 (−2)-curves on X are pull-back of 3 conics that are 6-tangent to the sextic C 6 2) Type S 4 (ρ = 3). The 4 (−2)-curves on X are pull-back of a tritangent line and a 6-tangent conic to C 6 3) Type S 5 (ρ = 3). The 4 (−2)-curves on X are pull-back of two tritangent lines to C 6 4) Type S 6 (ρ = 3). The 6 (−2)-curves on X are pull-back of one 6-tangent conic and two cuspidal cubics that cut C 6 tangentially and at their cusps. 5) Type L(24) (ρ = 4). The 6 (−2)-curves on X are pull-back of three tritangent lines to C 6 6) Type L(27) (ρ = 4). The 8 (−2)-curves on X are pull-back of one tritangent line and three 6-tangent conics to C 6 .
Here we say that a line (respectively a conic) is tritangent (respectively 6-tangent) to a sextic if the intersection multiplicity is even at every intersections point of the line (resp. the conic) and the sextic.
We implemented some algorithm in order to obtain classes of big and nef divisors on K3 surfaces. By exploiting the fact that the fundamental domain F X is bounded, we can obtain all big and nef (or even ample) classes of square less or equal to a given bound. In particular we can compute the first terms of the generating series
By example let X be a K3 surface of type S 2 in Theorem 1. Then Since a K3 surface with a compact fundamental domain does not contain elliptic curves, all the linear systems induced by the big and nef classes are base point free. By a Theorem of Sterk [27] , the number of orbits under Aut(X) of big and nef classes with a base point free linear system is finite. Thus we remark that Theorem 2 gives also the number of such orbits of classes D for low D 2 .
Theorem 1 gives possible realizations of K3 surfaces X with compact fundamental domain F X as double cover of the plane branched over a particular smooth sextic curve, or as particular quartic surfaces in P 3 . In the last section of this paper, we study the converse, i.e. if the geometric description of the K3 surfaces given in Theorem 1 are enough to characterize them as surfaces in the list S 1 , . . . , L (27) . It turns out that in four cases among the eight there are two possibilities. Let us give an example:
Proposition 3. Let Y be the K3 surface which is the double cover of the plane π : Y → P 2 branched over a generic sextic curve that possess 3 tritangent lines. The pull-back of each 3 lines splits as the union of two (−2)-curves. Up to permutation, the intersection matrix of the six (−2)-curves over the lines is one of the following matrices
In the first case, the surface Y has type L(24). In the second case, Y contains also only six (−2)-curves, but it has a non compact fundamental domain F Y . Both cases exist.
Let X, X ′ be K3 surfaces, with X in the list S 1 , . . . , L (27) . Let us say that X, X ′ are twins if they have the same geometric description as in Theorem 1, the same Picard number, but a different Néron-Severi group. We obtain: Theorem 4. The K3 surfaces of types S 3 , S 4 , L(24), L (27) have twins and the Néron-Severi groups of each twin is unique. Surfaces of types S 1 , S 2 , S 5 , S 6 are characterized by their description in Theorem 1.
The surfaces that are twin with surfaces of type S 3 , S 4 , L(24), L(27) have some elliptic fibrations, three of these have also a finite automorphism group; these surfaces are discussed with more details in [23] .
In the last section, we also give some explicit examples of K3 surfaces of various type (except S 6 ) using the method of van Luijk [13] refined by Elsenhans and Jahnel [7] in order to check their Picard number. We moreover obtain that the moduli spaces of K3 surfaces of type S 1 and S 5 are unirational.
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Preliminaries

2.1.
On the automorphisms of K3 surfaces with low Picard number. Let X be a K3 surface with finite automorphism group and Picard number ≤ 8. The following result is [11, Main Theorem, Lemma 2.3]:
Proposition 5. The group of symplectic automorphisms is trivial. If moreover X is general then the group Aut(X) is the trivial group or it is generated by a non symplectic involution.
In case of Picard rank 3, one can remove the hypothesis that X is general. Indeed a non-symplectic automorphism should have order m such that ϕ(m) divides 22 − 3 = 19 (where ϕ is the totient Euler function), and that implies m = 2.
2.2.
Linear series on K3 surfaces. To be self-contained, let us recall the following results of Saint Donat [25] : Theorem 6. Let X be a K3 surface that does not possess an elliptic pencil and let D be a is big and nef divisor on X. a) One has h 0 (D) = 2 + 1 2 D 2 and the linear system |D| is base point free, b) the morphism ϕ |D| associated to |D| is either 2 to 1 onto its image (hyperelliptic case) or it maps X birationally onto its image, contracting the (−2)-curves Γ such that DΓ = 0 to singularities of type ADE. c) if |D| is hyperelliptic, then ϕ |D| is a double cover of P 2 or of the Veronese surface in P 5 . d) the linear system |D| is hyperelliptic with D 2 ≥ 4 if and only if there is a nef divisor B with B 2 = 2 and D = 2B. e) if |D| is hyperelliptic and D 2 = 2, then ϕ |D| is a double cover of P 2 .
A K3 surface with compact fundamental domain cannot have nef classes with self-intersection 0 since such classes are on the boundary of the positive cone.
2.3. Shimada algorithm to compute classes with fixed square and degree. Let X be a smooth surface. Let d, k be integers and let H be an ample class. The following is an algorithm for computing all classes D with D 2 = d and degree HD = k. First one projects onto the orthogonal H ⊥ of H by the affine map
The class D has square D 2 = d and degree k = HD if and only if
Since H is ample, H ⊥ is a negative definite lattice, thus when d and k are fixed, there are only a finite number of solutions s ∈ H ⊥ with s 2 = (H 2 ) 2 d − k 2 H 2 , such solutions a computer can return. Then we take the reverse path to the Néron-Severi group by the application s → 1 H 2 (s + kH), discarding solutions that are not in the integral lattice NS(X).
When X is a K3 surface with a finite number of (−2)-curves it is then easy to check if a divisor class D in NS(X) is nef or even ample. If moreover the fundamental domain of the Weyl group is bounded, we explain in the next section how we can compute all classes of a given square, without restriction on their degree.
In fact one can understand the above algorithm as a easy proof that on a surface, the Hilbert Scheme of curves of given degree and square with respect to a polarization has only a finite number of irreducible components. The idea of it came from an algorithm of Lairez and Sertoz in [12] (following an idea of Deygtarev) for computing (−2)-curves, but soon after completion of this paper appeared [5] where it turns out that it was already described and used by Shimada in [24] . We used Magma software [2] for the computations.
2.4. Néron-Severi group and hyperbolic geometry. Let X be a surface of Picard number ρ ≥ 2. Let P ρ−1 be the projectivisation of the real space NS(X)⊗R. The image L X in P ρ−1 of the positive cone {c ∈ NS(X) R | c 2 > 0} is a ball of dimension ρ−1. We will not make a distinction between classes in NS(X) /R and in P ρ−1 , also we will often confuse a primitive effective divisor with its image in
By the Hodge Index Theorem ℓ X (D, D ′ ) ≥ 1 with equality if and only if D and D ′ are proportional (observe that the function ℓ is homogeneous). In fact, the following function:
is a distance on L X for which the geodesic between two points in L X is the intersection of L X with the line in P ρ−1 trough these points (see [22, Chapter 3, Section 3.2] ). Let us suppose that the fundamental domain F X of the Weyl group is compact. Let us fix an ample element H in F X , let d max (F X , H) be the maximum of the distances between H and the points in F X and let us define ℓ(F X , H) = cosh(d max (F X , H)). Then for any big and nef classes D in NS(X), one has
The consequence is that for the surfaces with compact F X , we can apply the algorithm in Section 2.3 to find all nef and big classes D in NS(X) with fixed square D 2 = d: it is enough to search classes D with D 2 = d up to degree ℓ(F X , H)dH 2 with respect to the ample class H. Then we can compute the generating series
of the primitive nef and big classes in NS(X), up to some square.
Any even lattice of rank ≥ 5 represents 0 i.e. there is a non-trivial class c with c 2 = 0, thus the fundamental domain of a K3 surface with Picard number ≥ 5 cannot be bounded. Moreover if the fundamental domain of a K3 surface X is bounded, then X contains only a finite number of (−2)-curves. Indeed if there are an infinite number of (−2)-curves then the automorphism group of X is infinite by the Theorem of Sterk [27] . Therefore there exists big and nef classes which have an infinite orbit with the same square; but by the above discussion such a phenomenon is not possible on a bounded domain.
Rank 3 and compact cases
In this Section we study K3 surfaces with Picard rank 3 such that the fundamental polygon for the Weyl group is compact, in particular these surfaces have no elliptic fibrations. According to [18] , there are 6 types of lattices S 1 , . . . , S 6 for the Néron-Severi group of such surfaces; Nikulin described their associated fundamental domain F X .
3.1. Surfaces with Néron-Severi group of type S 1 . Let us study K3 surfaces X with a finite number of (−2)-curves and such that their Néron-Severi group is generated by L, A 1 , A 2 , with L nef and A 1 , A 2 two (−2)-curves, with intersection matrix 
The surface X contains exactly 6 (−2)-curves A 1 , . . . , A 6 . In the base A 1 , A 2 , A 3 = L − 2A 1 , the classes of the (−2)-curves A 4 , A 5 , A 6 are 
Using Section 2.4, we find that there is a unique big and nef class such that
which is D = A 1 − A 2 + A 3 . The degree of the curves A i with respect to D is DA i = 2 (thus D is ample). Since X has no elliptic fibration, the linear system |D| is free and ϕ |D| is a double cover of the plane. We remark that
so that A 1 + A 4 , A 2 + A 5 and A 3 + A 6 are pull-back to X of conics C 1 , C 2 , C 3 in the plane. The branch curve B is a smooth sextic and each conic C j is tangent to B at 6 points.
Proposition 7.
The surface X is a double cover of P 2 branched over a smooth sextic curve C 6 . There exists 3 conics that are 6-tangent to C 6 . The six (−2)-curves on X are the pull-back of these 3 conics. The automorphism group of X is Z/2Z.
The automorphism group of X is generated by the involution ι from the double-plane structure. The Néron-Severi group contains exactly 6 big and nef classes D i with D 2 i = 6. Each of these classes contracts two disjoint (−2)-curves A i , A i+1 (the index being taken mod 6) and they are the extremal points of the polyhedral fundamental domain F S 1 (see [18, Figure 1] ). These classes D 1 , . . . , D 6 are:
and their degree with respect to D is DD i = 6. Therefore the distance between D and these divisors D i equals to Arccosh( √ 3), which is the maximal distance between D and any points in F S 1 . Using that, we find that the generating series
of the primitive nef and big classes begins with
3.2.
Surfaces with Néron-Severi group of type S 2 . Let us study K3 surfaces with a finite number of (−2)-curves and such that the Néron-Severi group is generated by L, A 1 , A 2 with L nef and
Then X contains exactly 6 (−2)-curves
and the classes of the 3 other (−2)-curves are
The intersection matrix of the 6 curves A j is
Using Section 2.4, we obtain that the class
is the unique big and nef class with square
Since there is no elliptic fibration, by Theorem 6 the class D is a very ample. We remark that
There exists a unique embedding of X in P 3 . For that embedding there exists 3 quadrics Q 1 , Q 2 , Q 3 that cuts X ⊂ P 3 into the union of two (−2)-curves, each of degree 4.
Suppose that there is a non-symplectic involution acting on X. Then it has one dimensional components fixed (see [1] ). Since there is only one degree 4 polarization, the involution must fix it. The fixed locus of a non symplectic involution on a smooth quartic contains either a line or a smooth quartic curve. The first case is impossible since the (−2)-curves on X have degree 4. By [1, Table 1 ], in the second case the Picard number of X would have rank at least 8, it is therefore also impossible. Thus according to Propositions 5:
Proposition 9. The automorphism group of X is trivial.
The linear maps
are isometries of the lattice NS(X). They generate the dihedral group D 6 of order 12, the symmetry group of the hexagon. That group preserves the set of classes A i , the ample cone and the fundamental domain for the Weyl group W X , therefore there is no non-trivial element of D 6 in the Weyl group W X . Since the automorphism group of X is trivial, no isometry in D 6 comes from an automorphism of X, therefore:
Since LA 1 = LA 2 = 0 and L = 5A 1 + 3A 2 + A 1 is big and nef, the class L with (L 2 = 36) is an extremal point of the fundamental polygon F X , (this is also in [18, Table 2 
(5, 3, 1), (13, −9, 5), (17, −21, 13), (13, −21, 17), (5, −9, 13), (1, 3, 5) .
where the indices are modulo 6. Since DL i = 36 for all i ∈ {1, ..., 6}, the maximum distance from D in F X equals
Using that result, one finds that the generating series Θ X of the primitive nef and big classes begins with There are 4 (−2)-curves
This is also (somehow artificially since
with intersection matrix 
The divisor
and it is ample since moreover
There are no big and nef divisor D ′ with D ′2 < 4.
Proposition 11. The linear system |D| defines a embedding φ D : X ֒→ P 3 . The images of the four (−2)-curves by φ D are 4 conics. Since
the pairs of conics (A 1 , A 3 ) and (A 2 , A 4 ) are on the same hyperplanes P 1 , P 2 respectively.
Proof. There are no elliptic fibrations, so that by Theorem 6, the divisor D defines an embedding. The remaining affirmations are immediately checked.
A quartic surface that is invariant by an involution fixing an isolated point and a plane has Picard number at least 8. Suppose that the quadric F ֒→ P 3 is invariant by a involution ι : x → (−x 1 : −x 2 : x 3 : x 4 ). Since the Picard number of X is 3, the involution must be non-symplectic. But then at least one of the fixed lines x 1 = x 2 = 0 or x 3 = x 4 = 0 must be contained in F . However the rational curves on F are conics, thus that case is also impossible. Since D is the unique big and nef divisor with D 4 = 4, we conclude that:
Corollary 12. The automorphism group of the K3 surface X is trivial.
There are 4 big and nef divisors of self-intersection 6, which are not ample. These divisors are
Each of these contracts a different (−2)-curve. There are 4 big and nef divisors of self-intersection 12:
each of them contracts two (−2)-curves and these are the vertices of the fundamental polygon F S 3 . Since DD i = 12, the maximum distance from D and points in the polygon is d max = Arccosh( √ 3). The generating series Θ X (T ) of the primitive nef and big classes begins with X 4 + 4(X 6 + X 10 + X 12 + X 22 + X 30 + 2X 34 + 2X 42 + 2X 46 + T 52 +T 58 + 2T 66 + 2T 70 + T 76 + T 78 + 2T 82 + 2T 84 + 4T 94 + T 100 )...
3.4.
Surfaces with Néron-Severi group of type S 4 . Let us study K3 surfaces with Picard number 3 and containing exactly four (−2)-curves
One has
is ample and D 2 = 2. One has
Since there is no elliptic pencil, the linear system |D| is base point free and X is a double cover of P 2 branched over a smooth sextic curve C 6 . The divisor A 1 + A 3 is the pull-back of a tritangent line to C 6 . Since moreover
the divisor A 2 +A 4 is the pull-back of a conic tangent to C 6 at 6 points.Thus:
Proposition 13. The surface X is a double cover of P 2 branched over a smooth sextic curve which admits a tritangent line and a 6-tangent conic C. The (−2)-curves on X are the pull-back of the tritangent line and the conic C.
The automorphism group of X is Z/2Z.
Each of the following big and nef divisors
contracts two (−2)-curves A s , A t such that A s A t = 1, thus they are the vertices of the fundamental polygon F S 4 . We have D 2 i = 60 and DD i = 20. The maximum distance from D to a point in F S 4 is
The generating series Θ X (T ) of the primitive nef and big classes begins with 
It contains exactly four (−2)-curves A 1 , A 2 , A 3 , A 4 with intersection matrix
Their classes are
and for each (−2)-curve A i we have
thus it is ample. Since X has no elliptic fibration, the net |D| is free and φ D is a double cover of the plane. The curves A 1 , . . . , A 4 cannot be part of the ramification locus, because otherwise that ramification locus would not be smooth and then the Picard number would be bigger than 3. Let C 6 be the sextic branch curve in P 2 . It is a smooth curve such that there are two lines L 1 , L 2 tangent to it at 3 points each and the pull-back of
and the intersection matrix is as described above. We thus have:
The surface X is a double cover of the plane branched over a smooth sextic curve which has two tritangent lines. The automorphism group of such a surface is Z/2Z.
We give an example of such a generic sextic curve in Section 5. We have L 2 = 4 and since the surface contains no elliptic curves, the linear system |L| is base-point free and not hyperelliptic. Since LA 1 = LA 2 = 0 with A 1 A 2 = 1, the surface X is the minimal resolution of a quartic surface with one cusp; the images of the curves A 3 and A 4 have degree 4. Also the divisor
is nef, and L ′2 = 4. It plays a similar role for
The divisors M = 4L − A 1 + 3A 2 and M ′ = 2L + A 1 + 3A 2 are nef with M 2 = M ′2 = 12 and DM = DM ′ = 6. They satisfy M A 1 = M A 4 = 0 and
The generating series Θ X (T ) of the primitive nef and big classes on a K3 surface X with Néron-Severi group isometric to S 5 begins with 
The divisor D = A 1 − A 3 + A 5 is the unique big and nef divisor such that
We have DA 1 = DA 2 = 2 and moreover DA j = 3 for j ∈ {3, ..., 6}, thus D is ample. We observe moreover that
Since X has no elliptic fibration, the net |D| is free and φ D is a double cover of the plane. By the same argument as above, the curves A 1 , . . . , A 6 cannot be part of the ramification locus. We have:
Proposition 15. The branch locus C 6 of φ D is a smooth sextic curve, there exists a 6-tangent conic C o to C 6 and there are two cuspidal cubics E 1 , E 2 such that the pull-back to X of C o , E 1 , E 2 are respectively
The tangent to the cusp p i of E i is distinct from the tangent to the sextic curve at p i . The cubic E i cuts C 6 tangentially at 8 other points than p i . The automorphism group of X is Z/2Z.
Proof. It remains to prove the assertions on singularities of the cubics. The cubic curve cannot be nodal, otherwise there would be some ramification in that node and the pull-back would be irreducible. If the tangent to the cusp was the tangent to the sextic C 6 , then that would also create some ramification on the curve E i . By performing 4 successive blow-ups at p i , taking the double cover and going to the minimal model X, we obtain that the local intersection number above p i of the two (−2)-curves above E i is equal to 3. Since there must be no ramification over E i , the cubic E i cuts C tangentially at 8 other points than p i . are nef and have square The generating series Θ X (T ) of the primitive nef and big classes begins with . Let us consider a K3 surface whose Néron-Severi group is the lattice denoted L(24) in [26] . That lattice is generated by a divisor L and (−2)-curves A 1 , A 2 , A 3 with intersection matrix :
In base
The surface X contains only three other (−2)-curves
The intersection matrix of the 6 curves is 
The divisor L is ample. Since L 2 = 2 and there are no elliptic curves on X, the linear system |L| defines a double cover φ L : X → P 2 of the plane P 2 . One checks that LA i = 1, and in fact
Proposition 16. The surface X is a double cover of P 2 . The sextic branch curve is smooth, has exactly 3 tritangent lines L 1 , L 2 , L 3 such that their pullback to X are the six (−2)-curves on X. The automorphism group of X is Z 2 .
There are 20 triple of (−2)-curves. The orthogonal complement of a triple A i , A j , A k is generated by a big and nef divisor D i,j,k for only 8 such triples, which are
These classes are the vertices of the fundamental polygon F X . The divisors D 123 and D 345 have self-intersection 14 and degree 7 with respect to D. The 6 other have self-intersection 28 and degree 14. The maximum distance between D and points in F X is ℓ = Arccosh(max( 7 2 2 · 14 ,
The generating series Θ X (T ) of the primitive nef and big classes begins with We have DA 1 = DA 2 = 1, DA j = 2 for j ≥ 2, and D is ample. One can check that
The linear system |D| is base point free and Proposition 17. The surface X is a double cover of P 2 . The sextic branch curve is smooth, has exactly one tritangent line L 0 and three 6-tangent conics C 1 , C 2 , C 3 such that the pull-back to X of L 0 , C 1 , C 2 , C 3 are the eight (−2)-curves on X. The automorphism group of X is Z 2 . 
The fundamental domain has
Constructions of surfaces
5.1. Surfaces of type S 1 . We recall that a surface of type S 1 is the double cover of P 2 branched over a smooth sextic which has three 6-tangent conics. Conversely, let C 6 be a smooth plane sextic and C 1 , C 2 , C 3 be three smooth conics. Let π : Y → P 2 be the double cover of P 2 branched over the sextic C 6 .
Proposition 18.
Suppose that Y has Picard number 3. Then the Néron-Severi group of Y is isomorphic to S 1 , in particular Y contains only 6 (−2)-curves.
Proof. The pull-back of the conics splits as
with B 1 B 2 = B 3 B 4 = B 5 B 6 = 6. The involution coming from the double plane structure exchanges the following pairs of curves (B 1 , B 2 ), (B 3 , B 4 ) and (B 5 , B 6 ), thus
We also obtain B 3 (B 1 + B 2 ) = B 4 (B 1 + B 2 ) = 4. Let us define B 1 B 3 = a (with a ∈ {0, . . . , 4}. Then B 1 B 4 = 4 − a, B 2 B 3 = 4 − a, B 2 B 4 = a. Continuing in the same way for the other intersections, there exist a, b, c ∈ {0, 1, ..., 4} such that
Up to exchanging B 3 with B 4 and B 5 with B 6 , we can suppose a, b ∈ {0, 1, 2}. The above intersection matrix has rank at most 4 and by computing all minors of size 3, it has rank 3 if and only if a = b = 0 and c = 4. If this is the case, then the Néron-Severi group of the K3 surface X contains a sub-lattice (isomorphic to) S 1 , generated by
Since the discriminant group of S 1 does not contains isotropic elements we have NS(X) = S 1 .
An example of a K3 surface with three 6-tangent conics has been constructed by Elsenhans and Jähnel as an auxiliary surface to obtain double plane K3 surfaces with Picard number 1 (see [7, 3.4 .1]). Their idea is to consider a sextic curve C 6 with equation f 6 of the form
, where the q j are quadrics and f 3 is a cubic. If the forms q 1 , q 2 , q 3 and f 3 are generic then the curve f 6 = 0 is smooth and the intersection of the cubic curve F 3 = {f 3 = 0} and the quadric Q j = {q i = 0} is transverse. For such point p of intersection, let u be a local parameter for Q j and v a local parameter for F 3 . From the equation f 6 , the parameter u is also a local parameter for the sextic, thus the local intersection multiplicity of C 6 and Q j is ≥ 2 at p. Since there are 6 such points on Q j , the quadric Q j is 6-tangent to the sextic curve C 6 . In fact Theorem 19. Let C 6 be a generic smooth sextic curve which possess three 6-tangent conics C j = {q j = 0}, j ∈ {1, 2, 3}. Then there exists a cubic form f 3 such that
3 is invariant under the action of
for λ, µ ∈ C * , thus the moduli space of plane sextic curves which admits an equation of the form f 6 = q 1 q 2 q 3 − f 2 3 is 6 · 3 + 10 − 2 − 9 = 17 dimensional. This is also the dimension of the moduli space of K3 surfaces of type S 1 and by Proposition 18, this is the dimension of the moduli of smooth sextic curves which possess three 6-tangent conics.
Corollary 20. The moduli space of K3 surfaces of type S 1 is unirational.
Let us choose the following equations:
Then C 6 is smooth and the three conics Q j = {q j = 0} are 6-tangent to it. Let Y be the double cover of the plane branched over C 6 .
Proposition 21.
The surface Y has Picard number 3 and Néron-Severi group S 1 .
For computing the Picard number we use the method of van Luijk [13] refined by Elsenhans and Jahnel in [7 
Surfaces of type S 2 .
We recall that a surface of type S 2 is a smooth quartic surface in P 3 with Picard number 3 and three quadric sections that decomposes into the union of two degree 4 smooth rational curves.
Conversely, let Y be a smooth quartic surface has three quadric sections that decomposes into the union of two degree 4 smooth rational curves :
Because Proof. The intersection matrix of the 6 curves B i is
where the a i , b i , c i , d i are integers in {0, 1, ..., 16} such that a i +b i +c i +d i = 16 (because Q s Q t = 16). Up to exchanging B 3 and B 4 and B 5 and B 6 , we can suppose that a 1 ≤ b 1 and a 2 ≤ b 2 . One computes that in order for the first rank 4 minor to be 0, we need that the quadruple (a 1 , b 1 , c 1 , d 1 ) is in the following list (0, 8, 8, 0) , (1, 7, 7, 1) , (2, 6, 6, 2) , (3, 5, 5, 3) , (4, 4, 4, 4) .
We then compute other size 4 minors and we obtain that the only solution for M to be of rank 3 (with a 1 ≤ b 1 and a 2 ≤ b 2 ) is   (a 1 , b 1 , c 1 , d 1 , a 2 , b 2 , c 2 , d 2 , a 3 , b 3 , c 3 , d 3 ) = (1, 7, 7, 1, 1, 7, 7, 1, 7, 1, 1, 7) .
Then that implies that the Néron-Severi group of Y contains S 2 . The discriminant group A(S 2 ) of S 2 is generated by classes Example 24. Let Y be the smooth quartic surface with equation
Each quadrics Q 1 = {xy + y 2 + 2xz + yz + z 2 + 3xt + 3yt} and Q 2 = {3xy − zt} cuts Y into two smooth quartic rational curves 5.3. Surfaces of type S 3 . Let Y be a smooth quartic surface with two hyperplanes sections H 1 , H 2 such that each of them is the union of two conics
Proposition 25. The intersection matrix of the curves C 1 , . . . , C 4 is either
Suppose that Y is generic. If the intersection matrix is M 1 then the Néron-Severi lattice of Y is isomorphic to S 3 , in particular Y has trivial automorphism group and the 4 conics are the only (−2)-curves on Y . If the intersection matrix is M 2 then the 4 conics are also the only (−2)-curves on Y . Both cases exist.
Proof. Since the curves C j are conics we have C 1 C 2 = 4 = C 3 C 4 and C j H k = 2. Let a ∈ {0, 1, 2} be such that a = C 1 C 3 , then C 1 C 4 = 2 − a, C 3 C 2 = 2 − a and C 2 C 4 = a. Thus, up to exchanging C 3 and C 4 , the intersection matrix of the C i is either M 1 or M 2 .
In the first case, the lattice generated by the 4 conics in Y is (isomorphic to) S 3 . If Y is generic, its Picard number is 3. The discriminant group A(S 3 ) of S 3 is generated by
There is no non-trivial isotropic element in A(S 3 ), thus the Néron-Severi lattice of the quadric Y is S 3 . In the second case, the rank 3 lattice generated by the 4 conics is denoted by S 1,1,4 in [18, Table 3 ]. Still by [18, Table 3 ], there are two over-lattices S 112 and S 111 of the lattice S 114 . But a surface with Néron-Severi group S 112 or S 111 contains only three (−2)-curves, thus the Néron-Severi group of Y is S 114 , and by [18] such a surface contains only four (−2)-curves.
In the second case the fundamental domain F X is not compact, we also remark from the intersection matrix M 2 that it has an elliptic fibration; we give more details on that surface in a forthcoming paper [23] .
It is not too difficult to obtain a smooth quartic surface with two hyperplanes sections, each of them being the union of two conics, and such that the intersection matrix of the conics is either M 1 or M 2 (however the first case is more difficult to find).
Example 26. Consider by example the quartic Y with equation
−10x 3 z + 8x 3 t − 180x 2 t 2 − 9xy 3 − 2xy 2 z − 10xy 2 t + 9xyt 2 + 430xz 3 − 784xz 2 t −678xzt 2 + 680xt 3 + 3y 4 + 16y 3 z − 43y 2 z 2 − 1896y 2 zt − 2825y 2 t 2 − 4246yz 3 −4700yz 2 t + 23846yzt 2 + 32620yt 3 − 420z 4 + 376z 3 t + 2048z 2 t 2 − 376zt 3 − 1628t 4 .
One can check that the hyperplane sections H 1 = {x = 0} and H 2 = {y = 0} are the union of conics C 1 , C 2 , C 3 , C 4 with intersection matrix M 1 . The reduction Y 23 and Y 73 modulo 23 and 73 of Y are smooth K3 surfaces. Thanks to the computations of E. Costa, the Picard number of both surfaces Y 23 and Y 73 is 4 and this is also the geometric Picard number. The class modulo squares of the discriminant of the Néron-Severi group of Y 23 is −2 · 3 · 11 · 17 whereas for Y 73 , it is −6, thus the surface Y has Picard number 3 and is an example of surface of type S 3 .
5.4.
Surfaces of type S 4 . Let Y be a surface of which is the double cover of the plane π : Y → P 2 branched over a sextic curve C 6 that possess a tritangent line L and a 6-tangent conic C o . Let B 1 + B 2 = π * L and B 3 + B 4 = π * C o be the (−2)-curves over the line and the conic. 
Suppose that Y has Picard number 3 and the intersection matrix is M 1 . Then Y is a K3 surface of type S 4 . If Y has Picard number 3 and the intersection matrix is M 2 , then the (−2)-curves B 1 , . . . , B 4 are the only (−2)-curves on Y . Both cases exist.
In the second case the surface Y has not a bounded fundamental domain (see [18] ). In fact, as it can be read of from the intersection matrix, the surface Y has two elliptic fibrations (see [23] ). Both moduli of K3 surfaces have the same dimension i.e. 17.
Proof. It is easy to check that up to permuting B 3 and B 4 , the matrices M 1 and M 2 are the only possibilities for the intersection of the curves B j . Let us suppose that Y has Picard number 3. If the intersection matrix is M 1 then the lattice generated by the (−2)-curves is S 4 ; the discriminant group of S 4 (of order 20) has no non-trivial isotropic element, thus there is no over-lattice containing S 4 and NS(Y ) ≃ S 4 . Suppose that the intersection matrix is M 2 . The divisor D = B 1 + B 2 is ample with D 2 = 2 and the degrees of B 1 , B 2 , B 3 , B 4 with respect to D are 1, 1, 2, 2 respectively. The lattice generated by the (−2)-curves is the lattice denoted S 113 in [18, Table 3 ]. There is only one over-lattice of S 113 , but by [18, Table 3 ], a surface with that lattice has only 3 (−2)-curves, therefore NS(Y ) ≃ S 113 .
Example 28. Let f 3 , q 2 , q 4 be the forms f 3 = −xy 2 + 2y 3 + 5x 2 z + 3xyz + yz 2 − 6z 3 , q 2 = 2x 2 + xy + 2y 2 − 3z 2 , q 4 = −3x 4 + 11x 3 y + 13x 2 y 2 + 17xy 3 + 2y 4 + 15x 2 yz + 4xy 2 z − y 3 z +14x 2 z 2 − 3xyz 2 − 2y 2 z 2 + 2yz 3 − 12z 4 .
The conic {q 2 = 0} is 6-tangent to the sextic C 6 = {q 2 q 4 −f 2 3 = 0}. Moreover one can check that the line L = {y = 0} is tritangent to C 6 at points Proof. Let π : Y → P 2 be the double cover and let B 1 , . . . , B 4 be the (−2)-curves such that
We must have (B 1 + B 2 ) 2 = 2 and (B 3 + B 4 ) 2 = 2, thus B 1 B 2 = B 3 B 4 = 3. Moreover using the involutions from the double plane structure, one find relations of type
Finally, up to permuting B 3 and B 4 , the intersection matrix is the one given for S 5 . Thus the Néron-Severi group of Y contains S 5 . Since the discriminant group of S 5 has no non-trivial isotropic element, we have the reverse inclusion.
Let l 1 , l 2 , f 3 , q 4 be two linear forms, a cubic form and a quartic and let
. Suppose that these forms are generic so that the sextic curve C 6 = {f 6 = 0} is smooth. Then the sextic and the line L i = {l i = 0} are tangent at the 3 intersection points of L i and the curve E = {f 3 = 0}. Conversely, we have:
Theorem 30. Let C = {f 6 = 0} be a generic smooth plane sextic curve which possess two tritangent lines
There exists a quartic form q 4 and a cubic form f 3 such that
Proof. Let us study the dimension of the moduli space of smooth sextics C 6 which admits equations of the form f 6 = l 1 l 2 q 4 − f 2 3 . The map Φ which to a quadruple (l 1 , l 2 , q 4 , f 3 ) associate l 1 l 2 q 4 − f 2 3 is invariant under the action of the two dimensional family of automorphisms (l 1 , l 2 , q 4 , f 3 ) → (λl 1 , µl 2 , 1 λµ q 4 , f 3 ), λ, µ ∈ C * . Let (f, q) be another cubic and a quartic form. We have
if and only if l 1 l 2 (q 4 − q) = (f 3 + f )(f 3 − f ). Suppose there exists some quadric forms c 1 , c 2 such that
, but the curve C 6 would be singular at the intersection point of L 1 and L 2 , thus that case cannot happen. Up to exchanging f with −f and after a short computation, it turns out that equation (5.1) is equivalent to the existence of a linear form l such that
The image of the map Φ is thus a 3 + 3 + 15 + 10 − (2 + 3) = 26 dimensional variety in H 0 (P 2 , O P 2 (6)). The moduli of smooth sextics curves which admits equations of the form f 6 = l 1 l 2 q 4 − f 2 3 is the quotient of that variety by GL 3 (C), thus it is 17 dimensional. By Proposition 29, the double cover of the plane branched over the generic curve C 6 is a K3 surface of type S 5 . The moduli space of K3 surfaces of type S 5 is irreducible and 17 dimensional. This moduli is also the moduli of sextic curves which possess two tritangent lines, thus the result.
As an immediate consequence, we obtain Corollary 31. The moduli space of K3 surfaces of type S 5 is unirational.
Let C 6 = {l 1 l 2 q 4 −f 2 3 = 0} be a plane sextic curve with two tritangent lines and let π : X → P 2 be the double cover branched over C 6 . The sextic curve C 6 is also tangent to the quartic curve Q 4 = {q 4 = 0} at the 12 intersection points of Q 4 with E = {f 3 = 0}. The pull back π * Q 4 splits
with C 2 1 = C 2 2 = 4 and C 1 C 2 = 12. If the Picard number of X is 3, one can check that the numerical equivalence classes of C 1 and C 2 are L and L ′ (see Section 3.5), and thus the linear systems |C 1 | and |C 2 | gives the two morphism X → P 3 we discussed in Section 3.5. From the proof of Proposition 30, the pull-back of every quartics of the form q 4 + 2lf 3 + l 1 l 2 l 2 = 0 (where l is a linear form) also splits; that gives the linear systems |C 1 | and |C 2 |.
Example 32. By taking l 1 = 5x + z, l 2 = 2z, f 3 = 13x 2 y + 7xy 2 + 4y 3 + 14x 2 z + xyz + 20y 2 z + 8xz 2 , q 4 = 9x 4 + 4x 3 y + 2x 2 y 2 + 6xy 3 + 2y 4 + 12x 3 z + 6x 2 yz + 11xy 2 z +7y 3 z + 17x 2 z 2 + 5xyz 2 + 16y 2 z 2 + 16xz 3 + 3yz 3 + 8z 4 , we obtain a smooth sextic curve C 6 = {l 1 l 2 q 4 −f 2 3 = 0}. Let Y be the double cover of the plane branched over C 6 . The reduction of Y modulo 29 and 53 have Picard number 4, and this is also the geometric Picard number. In the first case, the class of the discriminant is 11 · 41 and in the second case, the class of the discriminant is 59, thus the surface Y cannot have Picard number equal to 4 and it is a surface of type S 5 .
5.6. Surfaces of type S 6 . Let Y → P 2 be the double cover of the plane branched over a generic sextic C 6 which possess a 6-tangent conic Q 1 and two cuspidal cubics C 1 , C 2 such that the irreducible components of the pull-back π * C 1 = B 3 + B 4 , π * C 2 = B 5 + B 6 are smooth (−2)-curves.
Proposition 33. The surface Y has type S 6 .
Proof. Let B 1 , B 2 be the (−2)-curves above the conic Q 1 . The intersection matrix of the curves
wherex = 6 − x andã = 9 − a, and moreover u, v ∈ {0, ..., 6}, a ∈ {0, ..., 9}. Up to exchanging B 3 with B 4 and B 5 with B 6 , we can suppose that u ≤ 3 and v ≤ 3. One can then check that this matrix has rank 3 if and only if u = v = 1 and a = 9. This is then the intersection matrix of the Néron-severi group of a K3 surface of type S 6 .
5.7.
Surfaces with Picard number 4 of type L(24). Let C 6 ֒→ P 2 be a smooth plane sextic curve which admits 3 tritangent lines L j = {l j = 0} j ∈ {1, 2, 3}, l j ∈ H 0 (P 2 , O(1)). Let π * : Y → P 2 be the double cover branched over C 6 . The pull-back of the lines splits as
where B 1 , . . . , B 6 are (−2)-curves.
Proposition 34. Suppose that the Picard number of Y is 4. Up to exchanging B 3 with B 4 and B 5 with B 6 , the intersection matrix of the curves B 1 , . . . , B 6 is one of the two following matrices:
In the first case the K3 surface Y has type L(24) studied in Section 4. 
It has discriminant group Z/9Z × Z/3Z which has no non-trivial isotropic element, thus the Néron-Severi group of Y is Λ. Such a K3 surface contains only a finite number of (−2)-curves (see [26] ).
Remark 35. If Y is generic and its Néron-Severi lattice is M 2 , one can prove that the sextic curve possess an equation of the form
where the l i are the equations of the tritangent lines and g, f are cubic forms (more details are given in [23] ). The surface Y has two elliptic fibrations coming from the pull-back of the cubic curve {g = 0} which is 9-tangent to the sextic curve.
Example 36. Let l 1 , l 2 , q 4 , f be the forms l 1 = x + y + 2z, l 2 = −3x + 2y + z, q 4 := 8x 4 + x 3 y + x 2 y 2 + 3xy 3 − 2y 4 − 20x 3 z − 2x 2 yz − xy 2 z + 3y 3 z −12x 2 z 2 + xyz 2 + 4yz 3 , f = 5x 3 − 3x 2 y + xy 2 + 4y 3 + 2x 2 z − 3xyz − 3y 2 z + 5xz 2 + 4yz 2 .
The smooth sextic curve C 6 = {l 1 l 2 q 4 − f 2 } has three tritangent lines which are l 1 = 0, l 2 = 0 and the line {y = 0}. Let Y → P 2 be the double cover branched over C 6 . The Picard number and the geometric Picard number of its reduction Y 13 modulo 13 is 4. Moreover, by the Artin-Tate formula, the discriminant of the Néron-Severi group of Y 13 is −28, thus Y is a surface of type L(24) (alternatively we computed the intersection matrix of the 6 (−2)-curves and checked that they generate the rank 4 lattice L(24)).
5.8.
Surfaces with Picard number 4 of type L (27) . Let C 6 be a plane sextic curve which has one tritangent line L 1 = {l 1 = 0} and three 6-tangent conics. Let π : Y → P 2 be the double cover branched over C 6 . Example 38. Let q 1 , q 2 , q 3 and f be the forms q 1 = 2x 2 + xy + 2y 2 − 3z 2 , q 2 := 3x 2 + 8xy + 10y 2 + 11yz q 3 = −25/3x 2 − xy − 3y 2 − 2xz − yz + 5z 2 f = 2x 3 − 3x 2 y − 3x 2 z − xyz + y 2 z − 3xz 2 − 3yz 2 .
The conics {q i = 0}, i ∈ {1, 2, 3} are 6-tangent to the smooth sextic curve C 6 = {q 1 q 2 q 2 − f 2 = 0}, moreover the line L = {y = 0} is tritangent to C 6 at points (−1 : 0 : 1), (0 : 0 : 1), (1 : 0 : 1). Let Y → P 2 be the double cover branched over C 6 . One can check that the reduction Y 19 modulo 19 of Y has Picard number 4, which is also the geometric Picard number. Using the Artin-Tate conjecture, one obtains that the discriminant of the Néron-Severi lattice of Y 19 is −60 (and the Brauer group is trivial), thus the surface Y is an example of surface of type L(27) (note that the discriminant of the lattice L(27) is −60 and the discriminant of the lattice associated to the matrix M 2 equals −52).
